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Abstract 

Fourth - order analogue to the second Painleve equation is studied. This equation 
has its origin in the modified Korteveg - de Vries equation of the fifth order when 
we look for its self - similar solution. All power and non - power expansions of the 
solutions for the fouth - order analogue to the second Painleve equation near points 
z = and z = oo are found by means of the power geometry method. The expo- 
nential additions to solutions of the equation studied are determined. Comparison 
of the expansions found with those of the six Painleve equations confirm the conjec- 
ture that the fourth - order analogue to the second Painleve equation defines new 
transcendental functions. 



1 Introduction. 



More than one century ago Painleve and his collaborators analyzed a certain 
class of the second-order nonlinear ordinary differential equations (ODE). In 
fact Painleve examined two problems. The first one was to find all the second- 
order canonical equations with the solutions without movable critical points. 
The second problem was to pick out those equations which have solutions 
defining new special functions. The former was posed by Picard in 1876. While 
the latter was mentioned by A. Pouancare and L. Fuchs in 1884. 

As a result of investigations Painleve and his school discovered six second-order 
nonlinear ODEs which solutions could not be expressed in terms of known 
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elementary or special functions. Nowadays they go under the name of the 
Painleve equations and their solutions are called the Painleve transcendents. 

For a long period of time the Painleve equations were regarded as nothing 
more than a curious moment in the theory of differential equations and were 
beyond the center of scientific circles attention. However since the sixtieth of 
the twentieth century a number of works appeared where it was shown that the 
Painleve transcendents arose in the models describing physical phenomena as 
frequently as many other special functions [1-9]. This fact caused a significant 
interest to the studying of their properties and set a problem to find other 
nonlinear ODEs defining new transcendents. 

It is necessary to mention that exact solutions of many partial nonlinear dif- 
ferential equations (such as the Korteweg-de Vries equation, the modified 

Kortcwcg-dc Vries equation, the nonlinear Schrodinger equation, the sine- 
Gordon equation and so on) solvable by the inverse scattering transform can 
be expressed via the Painleve transcendents and it is one of their most impor- 
tant applications [1,5,8,10,29]. In this connection it is quiet natural to suppose 
that the partial solutions of exactly solvable equations of the order higher than 
the order of previously mentioned equations also can be expressed in terms of 
the transcendents defined as the solutions of nonlinear ODEs. This idea was 
developed in the work [10], where an hierarchy of the first Painleve equation 
was introduced. Nowadays the higher analogues of the Painleve equations are 
intensively studied [10-41]. 

Taking after [10,24,29,33] we will show that a solution of the modified Korteveg 
- de Vries equation of the fifth order 

ut + Uxxxxx - lOu^Uxxx - 4:0uxUxx - lOul + SOu'^Ux = (1.1) 

is defined by the solution of the fourth-order analogue of the second Painleve 
equation. Let us look for the solution of the equation (1.1) in the form 

1 X 

u(x,t) = TTl^wiz), Z = - -—fT. (1.2) 

V ' ^ (^5^^1/5 V ^' (5^)1/5 V ^ 

After substitution of (1.2) into (1.1) and integrating once by z we get the 
equation 

f{z, w) =^ Wzzzz ~ lOw^Wzz — lOwwl + — zw — a = (1.3) 

This equation has a number of properties similar to that of Painleve equations. 

More exactly it possesses Backlund transformations [12,25,29], a Lax pair [12], 
rational and special solutions at certain values of the parameter a [12, 18, 
25,29]. The Caushy problems for the equation (1.3) can be solved by the 
isomonodromic transfom method. It is likely that the equation (1.3) defines 
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new transcendental ftmctions as Painleve equations do. However the exact 
proof of this statement yet is an open question. In this connection an important 
step of the investigation of the equation (1.3) properties is the finding of all 
its solution asymptotics. 

The aim of this work is to calculate all power and non-power asymptotics, 
power and exponential expansions for the solutions of the equation (1.3) with 
a help of the power geometry method [42-44]. 

The problem definition is 

1) to find all power asymptotics of its solutions. If a solution of the equation 
supposing that 2; — > or z — > oo can be presented in the form 

W{z) =CrZ' + 0{\z\'^+'), (1.4) 

where the coefficient Cr — const e C, 7^ 0, the exponents r,e & W, ecu < 
and 

r-1, z^O; 
[ 1, 2; — » 00, 

then the power asymptotic of the solution (1.4) is 

w{z) = Cr Z^ . (1.5) 



2) to calculate all power expansions of its solutions given by 

w{z) ^ CrZ^ + Cs Z^, 
s 

where s > r if 2; — > and s < r if z — > 00. 



(1.6) 



3) to find for the studied equation all non-power asymptotics, i.e. functions 
u{z) that are connected with the solutions of the equation (1.3) in the way 



w{z) = u{z) [1 + o{\z\'''\u{z)\'''')] 



[1.7) 



for some £ < where 



0, u{z) — > const 7^ 0; 
cui — { —1, u{z) — > 0; 

1, u{z) — > 00. 



4) to find all exponential additions to power expansions of the solutions which 
correspond to the exponentially close solutions. In other words it is required 
to find functions 

, COS < const, (1-8) 



v{z) = exp Xl^s^;' 
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which, added to the solution w{z) +v{z), correspond to the power expansions. 

This paper outhne is as follows. The general properties of the fourth - order 
analogue to the second Painleve equation are discussed in section 2. Power 
expansions corresponding to the apexes and to the edges are given in sections 
3, 4, 5, 6 and 7. In section 8 we consider the general properties of the equation 
studied in the special case (at a = 0). Corresponding power and non-power 
expansions of solutions are presented in sections 9, 10 and 11. The three-level 
exponential additions are determined in sections 12, 13, 14, 15,16, 17 and 18. 
The results of the work are gathered in section 19. 



2 General properties of the equation (1.3) at a 7^ 0. 

The following points correspond to the monomials of the studied equation: 
Ml = (-4,1), M2 = (-2,3), M3 = (-2,3), M4 = (0,5), M5 = (l,l), Mg = 
(0,0). The carrier S{f) of the equation contains five points Qi = Mi, Q2 = 
M^, Qs = M5, Q4 = Mg Q5 = M2 = M3. Their convex hull is the quadrangle 
with four apexes = Qj {j = 1, 2, 3, 4) and four edges T^'^ = [Qi, Q2], Fa^^ = 

[Q2,Q3], r'i'> = [Q3,Q4, rf^ = [Qi,q4 (fig. i). 





k 

Q2 


Q2 
r5 














r(i) 
^ 2 






























\ -A \ 

-4 -3 -2 


-1 
-2 




1 2 


3 


4 



Fig. 1. 



The external normal vectors Nj{i = 1,2,3,4) to edges F^- (j = 1,2,3,4) 
are A^i = (-1, 1), N2 = (4, 1), N3 = (1, -1), = (-1, -4). They form the 
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normal cones f/j of edges Tj 

Uf^ = {P = XN^, X > 0}, J = 1, 2, 3, 4. (2.1) 

The normal cones Uj^^ of the apexes r^^-* = Qj {j = 1, 2, 3, 4) are the angles 
between the edges that adjoin to the apex (fig. 2). 




Fig. 2. 



The carrier of the equation (1.1) lies in the lattice Z with the basis Bi = Qi = 
(—4, 1), B2 = Qz = (1, !)• Expressing the points Q2, Q5 through the measur- 
ing vectors we get Q2 = 4i?2 + Bi, = Bi + 2B2- Examining the reduced 
equations that correspond to the bounds T^f* (rf = 0, 1; j = 1, 2, 3, 4) we will 
study the solutions of the equation (1.1). Note that the reduced equations 
which correspond to the apexes Fj"'*, Fg^^ T^^'^ 

/f Qw' = 0, 

/f -znj = 0, (2.2) 
/f -a = 

are the algebraic ones and that is why they do not have non-trivial power or 
non-power solutions. 
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3 Power expansions, corresponding to the apex r^°^ at a 7^ 0. 

The apex Ti ^ defines the following reduced equation 

fT = 0. (3.1) 

Let us find the reduced solutions 

W — CrZ'^, Cr ^ (3.2) 

for a;(l, r) G u['^\ Since pi < in the cone Ui'^ then u — —1, z — > and the 
expansions will be the ascending power series of z. Substituting (3.2) into 
and canceling the result by z'^~^ we get the characteristic equation 

X{r) '^^ r (r - 1) (r - 2) (r - 3) = (3.3) 

with the four roots ri = 0, r2 = 1, ra = 2, and r4 = 3. Further we shall 
examine them separately. 

Vector R— (1,0) that corresponds to the root ri = being multiphed by u 
belongs to the cone uf'^ . Thus we obtain the family pf'^ 1 of power asymptotics 
w = Co with the arbitrary constant cq 7^ 0. The first variation of the equation 
(3.1) 

^ = — (3.4) 

5w dz^ ^ ' 

gives the operator 

L{z) = ^ 7^ (3.5) 
with the characteristic polynomial 

v{k) = z^-^L{z)z^ = k{k - l){k - 2){k - 3). (3.6) 

The equation ^{k) = has four roots ki = 0, k2 = 1, = 2, A;4 = 3. As 
CO — —1 and r — then the cone of the problem is JC — {k > 0}. It contains 
k2 — 1, — 2, ks — 3 which are the critical numbers. Let us investigate the 
equation obtained from the equation (1.3) after changing of variables w{z) — 
Cr^z''^ +y{z) 

g{z,y)=^ f{z,Cr,z^'^+y). (3.7) 

Its carrier S{g) contains the points belonging to S{f) and seven other points: 
(-2,2), (-2,1), (0,4), (0,3), (0,2), (0,1), (1,0). Displacing all these points 
on the vector (-4,1) we get (2,1), (2,0), (4,3), (4,2), (4,1), (4,0), (5,1), 
(4, 4), (0, 0), (4, —1), (5, 0). The set S'_^_ of the finite sums of the vectors based 
on these points intersects with the line q2 — —1 at the points 

K = {A; = 4 + n, ne A^U{0}}. (3.8) 
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The critical numbers do not lie in this set that is why the indexes s in the 
expression (1.6) belong to the set K(l, 2, 3). 

K{1,2, 3) ^ {k ^ n, neN}. (3.9) 

Thus the expansion of the solution corresponding to the reduced equation 
(3.1) at r = is the following 

oo 

w{z)^Cq+ Ckz'' = Co + CiZ + C2z'^ + C3Z^ + Ckz'' (3.10) 

keK(l,2,3) fe=4 

where all the coefficients are constants, cq ^ 0, Ci, C2, C3 are arbitrary ones 
and Cfc (/c > 4) are uniquely defined. Denote this family as Cf'^ 1. Taking into 
account eight members, the expansion (3.10) can be presented in the form 

W{z) =Co + CiZ + C2Z^ + C3Z^ + " " ^ + ^ ^O*^!^ + ^ Co^Ca^ z'^ + 

1 3 1 2 1 4 1 2 \ 5 

+ (^^2 ^ 2 ~ 4 ^° ^ 120 ^° ^ 3 )^ ^ 

+ Q C0C2' + I A + i C0C1C3 + ^ ci + ^ C2Ci^ - ^ co^C2 - i CoW) z'+ 

/ 5 2 1 1 4 8 1 

+ I2I "° + 840 " 28 '° + 21 '''''' + 3 

1 2 -^3 2 2 s\ 7 

+ ^ C2 Ci - - Co C1C2 + ^ Ci C3 - — Co Ci I 2; + ... 



The cone of the problem is/C = {A;>l}in the case r2 = 1. Consequently 
there are two critical numbers k2 = 2, = 3. Likewise the previous case we 
find the solution expansion 

oo 

W{z) ^ CiZ + C2Z^ + C3Z^ + J2 <^kz'' (3.11) 

it=4 

that is generated by the power asymptotic ^^[^^2 : w — ciz. Here ci 7^ 0, C2 
and C3 are arbitrary constants. 

For the root r2 = 2 the cone of the problem is /C = {A; > 2}. It contains A;3 = 3 
that is the unique critical number. The power expansion corresponding to the 
asymptotic J^^S : w — C2z'^ takes the form 

00 

w{z) ^ C2z'^ + C3Z^ + J2ckz'". (3.12) 

fe=4 

Again C2 ^ 0, C3 are arbitrary constants. Denote this family as G^^S. 

For the root r3 = 3 the cone of the problem is K, — {k > 3}. There are no 
critical numbers in this case. The expansion of the solution G^^A corresponding 
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to the power asymptotic J^i'^A : w — c^z^ can be written as 



oo 

W{z)^csz^ + Y,kz''. (3.13) 

fe=4 



Obtained expansions converge for small \z\. The existence and the analyticity 
of the expansions (3.10), (3.11), (3.12), (3.13) follow from the Cauchy theorem. 
The apex does not define non-power asymptotics and exponential additions. 



4 Power expansions, corresponding to the edge F^'^ at a 7^ 0. 



The edge F^^-* is characterized by the reduced equation 

fi^\z,w) =^ w,,,, - 10 w^w,, -10wwl + 6w^ ^0 (4.1) 

and the normal cone Ui'^ = {— A(l, —1), A > 0}. Therefore uj = —1, i.e. z ^ 
and r = —1. Consequently the solution of the equation (4.1) should be looked 
for in the form w — C-iZ~^. Prom the determining equation 

c_i(3cii - 15cii + 12) = (4-2) 

we find the values of coefficient c_i (not equal to zero): c!^| = 1, c^] ~ 
— 1, c^l = 2, c^l ~ —2. Hence we have four families of power asymptotics 

J^i^h : w = z-^; ri^h : w = -z'^] (4.3) 

J^'^h: w^2z-^] J^'^h: w ^ -2z-\ (4.4) 
Let us compute the corresponding critical numbers. The first variation 

= -TT - '^Ow,,w - lOw"^ - lOwl - 10 ww,-i- + 30 (4.5) 
ow dz^ dz^ dz 

applied to the the solutions (4.4) yields the operator 

2W , 10 rf2 20 d 20 , 

Its characteristic polynomial is 

v{k) ^ -6k^ + + 24k-20. (4.7) 
The equation u{k) — has the roots ki — —2, k2 — 1, ks — 2, k^ — b. 
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With reference to the solutions (4.5) variation (4.6) gives the operator 

Its characteristic polynomial 

i/(A;) = A;^-6A;=^-29A;^ + 114A; + 280, (4.9) 

has the roots ki = —4, k2 = —2, = 5, k^ = 7. The cone of the problem 
looks like 

}C^{k> -2}. (4.10) 

Thus for the power asymptotics (4.4) there are three critical numbers (three 
roots of the characteristic polynomial belong to the cone of the problem) and 
for the power asymptotics (4.5) there are only two critical numbers. The shifted 
carrier of the power asymptotics (4.4), (4.5) is the vector (—1, —1) = —B2. It 
belongs to the lattice that consists of the points Q — m(— 4, 1) + /(1, 1) where 
m and 1 are the whole numbers. These points intersect with the line q2 — —1 
a m + l — —1, i.e. I — —m — 1. As the cone of the problem is (4.11) then 

K = {A; = -l + 5m, meN}. (4.11) 

Now we will look for the solution expansions generated by the families (4.4). 
The sets K(l), K(l, 2) and K(l, 2, 5) can be written as 

K(l) = {A; = -l + 5m + 2Z, Z,meNU{0}, Z + m^^ 0}= , 
V / I L j> /J (4.12) 

= {1,3,4,5,6,7,8,...}; ^ ^ 



K(l, 2) = {k ^ -l + 5m + 2l + 3k, l,m,keNU {0}, m + l + kj^ 0} = 

= {1,2,3,4,5,6,7,8,...}; 

(4.13) 

K(l, 2, 5) = {A; = -1 + 5m + 2Z + 3A; + 6n, n,m,k,l eNU {0}, m + n + k + l ^ 

= {n, n e N}. 

(4.14) 

In this case the solution expansions are 

w{z)^'^+ E c^'^^K (4.15) 

fceK(l,2,5) 

Denote these families as G^^l and G^i^2. Evidently the critical number 1 does 
not belong to the set K that is why the compatibility condition for Ci holds 
automatically and in consequence Ci is an arbitrary constant. The critical 
number 2 also does not belong to the sets K, K(l) and thus C2 is an arbitrary 
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constant. However the critical number 5 lies in the sets K(l) and K(l, 2). As 
a result it is necessary to verify that the compatibility condition for C5 is true. 
It turns out that it is so then C5 is an arbitrary constant. The three-parametric 
power expansion that corresponds to the power asymptotics (4.4) (at c_i = 1) 
is the following 



w{z) ^ - + C1Z + C2Z +-j^ci z +1^- C1C2 ~3g'^~3g)^ +C52; + 



/17 2 17 



V27 1620 



5 37 2 7 13 

1 4 1 5 2 5 11 2\ 7 



Here q = ci \ i — 1,2, 5. 

The carrier of the power expansions generated by the families (4.5) is defined 
by the sets 

K(5) = {A; = -1 + 5m + 6/, /, m e N U {0}, m + / 7^ 0} = 

= {4,5,9,10,11,14,15,16,17,19,...}; ^ ' 



K(5, 7) = {k = -l + 5m + 6l + 8k,m,l,keNU {0}, m + l + k^ 0} = 
= {4,5,7,9,10,11,12,13,14,...}. 

(4.17) 

The solution expansions in this case are 

w{z)^'^+ E 4'''^^'- (4.18) 

^ fee K(5,7) 

Denote these families as Gi^^3, G^^U. Obviously the critical numbers 5 and 7 do 
not lie in the set K and besides the critical number 7 does not belong to the set 
K(5). For the values 5, 7 the compatibility condition holds automatically and 
as a consequence the coefficients C5, cy are arbitrary ones. The two-parametric 
power expansion that corresponds to the reduced solutions (4.5) (at c_i = 2) 
is 

W{Z) = ; + 2 + (-^ + «) + C5Z' + C7Z'+ 



/ 17 59 25 2\ q / 19 1 \ in 

+ \ a H a^] z^ + C5{ \ a] z^"+ 

V 370656 1482624 2965248 / V3780 432 ' 

11 2 11 , „ f 127 , 1 \ 12 



+ 78^^^ + ^^ 135280 + 576 + 

where q = c\^\ i = 5,7. Obtained expansions converge for small \z\. The ex- 
ponential additions for the expansions (4.15), (4.18) do not exist. The reduced 
equation (4.1) does not have non-power solutions. 
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5 Power expansions, corresponding to the edge at a 7^ 0. 



The edge r2 is characterized by the reduced equation 

=^6w^-zw = (5.1) 

and the normal cone U^^^ = {A(4, 1) = 4A(1, 1/4), A > 0}. It means that r = 

1/ A, Lo = 1. z ^ 00 and the sohition of the reduced equation is y = Ci/4Z^^^. 
Substitution this expression into (5.1) and cancelation the result by z^^^ yields 
the determining equation 01/4(60^^4 — 1) = 0. Thus we have four families of 
power asymptotics 

^i^)l: ^ = c«.V^ cS)i=Q)'''; (5.2) 



^«2: w = cfU/\ cf},=-(lf'; (5.3) 



-1/4^ ' --1/4 - ^qJ 

^^4: w = cf/,zy\ c;^/)=-^Q)''^ (5.5) 

Since the reduced equation (5.1) is algebraic and the roots of the determining 

equation arc simple then asymptotics do not have proper (and consequently 
critical) numbers and u{k) = const 7^ 0. The shifted carrier of the power 
asymptotics (5.2) - (5.5) gives a vector i? = (1/4, — 1). Points belonging to the 
lattice generated by vectors B2, B are the following Q = (gi, 52) = m(l, 1) + 
Z(l/4, —1) = (m + Z/4, m — l) where m, I are whole numbers. At the line 
g2 = — 1 wc have g2 = ^1 and gi = — 1 + 5/4/. Taking into consideration that 
the cone of the problem is /C = {/c < 1/4} we find the set K 

K = {A; = -1 - 5^/4, Z e N U {0}}, (5.6) 

The expansions of the solutions can be written as 

G«n : w{z) = ^H(.) = c^l^z^'^ + ^ c^-Li/. z'^-'^". (5.7) 

;=o 

In this expression coefficients c^\^_5;y4 can be sequentially computed. The cal- 
culation of the coefficients c_i yields c_i = q;/4. Taking into account four 
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terms, the expansions are 

5 (cS;i)^a (29 + 24 g^) 
^128 ^ 

It is likely that the obtained expansions diverge. Non-power asymptotics do 
not correspond to the edge T^^ but it generates exponential additions which 
will be computed later. 



6 Power expansions, corresponding to the edge Fg^^ at a ^ 



The edge Fg^^ is characterized by the reduced equation 

f^^\z,w) =^ -zw -a = (6.1) 

and the normal cone U^^^ — {A(l, —1), A > 0}. In this case r = —1, u — 1, 
z — > oo and power asymptotic can be presented in the form 

JT^^h : w^^, c_i = -a. (6.2) 

As the equation (6.1) is algebraic, then its solutions do not have critical num- 
bers and 

jy{k)^z-'-^^-l. (6.3) 
dy 

The cone of the problem is /C = {k < —1}. The shifted carrier of the power 
asymptotic (6.2) gives the vector (—1, —1) = — i?2! which belongs to the lattice 
generated by the carrier of the studied equation. That is why 

K = {A; = -1 - 5m, me N}. (6.4) 

So we have determined the power expansion corresponding to the asymptotic 
(6.2) 

Gi'^ : w{z) = ij{z) = ^ + E z-'-'^. (6.5) 



^ m=l 



In this expression all coefficients can be sequentially found. Again taking into 
account four terms, it can be rewritten as 

a ^ c ^c(15q;^- 295q;2 + 1512) 
w{z) = ^{z) = -- - 6 - - 12 ^ >— 



z z'- 



c (35 - 2090 + 49755 - 528180 + 2018016) ^ 



^16 



12 



where c = a{a—l){a—2){a+l){a+2) and all other not written out coefRcients 
are proportional to this factor. Unless c — the expansion (6.5) seems to be 
divergent one for all \z\~^ ^ 0. 

The reduced equation (6.1) does not have non-power solutions. The edge Fg^^ 
defines exponential additions which will be found below. 



7 Power expansions, corresponding to the edge r4 at a ^ 0. 



The edge r4^^ defines the following reduced equation 

ff^ {z, w) =^ w^^^^ -a^O (7.1) 

and the normal cone U^^^ = {— A(l,4), A > 0}. Thus cu — —1, i.e. z — > 
r — A and we have the unique family of power asymptotics 

J^i'h: w^C4z\ C4 = ^. (7.2) 
Let us find the critical numbers. The first variation of the equation (7.1) is 



5w dz'^ 



(7.3) 



The proper numbers are ki = 0, k2 — 1, = 2, k^^ — 3. None of them 
belongs to the cone of the problem /C = {/c > 4}. Consequently in this case 
there are no critical numbers. The shifted carrier of (7.2) is equal to the vector 
Bi and the lattice generated by the vectors B2 corresponds to the power 
asymptotic (7.2). Because of this the set K is 

K = {A; = 4 + 5m, meN}. (7.4) 

The power expansion can be written as 

^^)=^'(^+Ec4+5n.^^"^). (7.5) 

The coefficient 04+5^ can be uniquely computed. The first three terms of the 
found expansion G^l\ are 

w{z) = « + ^ + ( 1743565824 + 5935496 + ' 

The expansion (7.5) can be regarded as the special case of the expansion 
(3.10) at cq — ci — C2 — C'i — 0. It converge for small \z\. The existence, 
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the uniqueness and the analyticity of such expansion follow from the above 
mentioned Caushy theorem. 

The edge r4^'* does not define exponential additions and non-power asymp- 
totics. 



8 General properties of the equation (1.3) at a = 0. 

If a = the fourth-order analogue to the second Painleve equation is 

f{z, w) Wzzzz — lOw'^Wzz — lOwwl + 6w^ — zw = 0. (8.1) 

The carrier S{f) of this equation consists of the four points: Qi = (—4, 1), Q2 = 
(0,5), Qs = (1, 1) Q4 = (—2,3). Their convex hull is the triangle with the 
apexes if = (j = 1, 2, 3) and edges T^^^ = {Qi, Q2}, = {Q2, Qs}, T^i^ = 
{Q3,Qi} (fig. 3). 
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Fig. 3. 



The external normals Nj to the edges T^p are the vectors A?"! = (— 1, 1), N2 = 
(4, 1), A^3 = (0, — 1). Normal cones Uf'' of the edges r^"^'' can be written as 

Uf^ = {P = AiV,, A > 0}, 3 = 1, 2, 3. (8.2) 
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Normal cones of the apexes T ^ and the normal cones (8.2) are presented 
at the fig. 4. The shifted carrier of the equation (8.1) lies in the lattice with 
the basis = (-3, 2) and = (-1, 4). 

P2A 



3-- 




-3- 



Fig. 4. 

Further we will study the reduced equations corresponding to the apexes F^"-* 
and to the edges F^-^"* (j = 1, 2, 3). Again the reduced equations 

ff\z,w) 6w' = 0, ff\z,w) -zw = 0, (8.3) 

which are defined by the apexes Fg^"*, Fg^"* accordingly are the algebraic ones. 
Because of this they do not have non-trivial power or non-power solutions. 

9 Power expansions, corresponding to the apex F^ ^ and to the edge 
F^^^ at a = 0. 

The apex F^°^ is characterized by the following reduced equation 

h'\zM = ^z...=^. (9.1) 

This case is similar to the one discussed in the section 3. Consequently there 
are four families of power expansions: four-parametric family G^^H, tree- 
parametric family G^i^2, two-parametric family cf''?) and one-parametric fam- 

iiy Gfh. 



15 



Examining by analogy with the section 4 the reduced equation which corre- 
sponds to the edge 

ff^ {z, w) =^ w,,,, -Ww^w,,-10w wl + 6^5 = 0, (9.2) 

we get two tree-parametric families Gi^"*!, &i''2 and two two-parametric fam- 
ilies G^^'^S, Gi^U of power expansions. 

The wave in these designations means that in the similar expressions for the 
equation (1.3) it is provided that a — 



10 Power expansions, corresponding to the edge V\' at a = 0. 



The edge r^,^'' defines the reduced equation which can be written as 

fi^\z,w)^^ Qw^ - zw = Q. (10.1) 

Following the analysis of the section 5 we get that r — 1/ A, u — 1, z ^ oo 
and that there are four families of power asymptotics: ^2^1 (5-2), ^2^^2 (5.3), 
JT^a (5.4)^ (5.5). The shifted carrier of the reduced solutions is the 

vector (1/4, —1). Together with the vectors i?3, B^^ it generates the lattice with 
the basis (1/4,-1) and (—3,2). The points of this lattice are Q = {qi,q2) = 
m(l/4, -1) + /(-3, 2) = (m/4 - 3/, -m + 21). At the line q2 = -1 we have 
5i = 1/4 + //2-3Z = 1/4-5Z/2. As the cone of the problem is /C = {A; < 1/4}, 
then the set 

K = {A; = 1/4-5^2, Z e N} (10.2) 

differs from the similar in the section 5. Hence the power expansions can be 
presented in the form 

oo 

1=1 

All coefficients in the expression (10.3) can be sequently computed. Taking 
into account three terms these expansions can be rewritten as 

/ \ (n)/ N (n) 1/4 5 (4/1)^ 297 4/4 , 

It is likely that obtained expressions are divergent ones. 
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11 Non-power expansions, corresponding to the edge in the 



case a 



The reduced equation which corresponds to the edge T^^ 

f2^\z, w) =^ w^^^^ - ZW^O (11.1) 

does not possess solutions in the form w — Crz'^, 7^ (it has a trivial solution 
w = ). The edge F^^^ defines non-power asymptotics of the equation (8.1). 
It is horizontal, consequently in order to find the solutions of the reduced 
equation (11.1) it is necessary to make the logarithmic transformation 

dlnw , ^ 

Hence derivatives of w{z) are 



w' = yw, w" = {y' + y )w, w'" = {y" + ^yy' + y )w, 
w" 



■"" = {y'" + ^yy" + ^{yf + 6y'y' + y')w. 



After application of this transformation and after cancelation of the result by 
w the equation (11.1) can be rewritten as 

h{z, y) y'" + Ayy" + ^{y' f + 6|/V + y'-z = Q. (11.3) 

The carrier S{h) of this equation consists of five points: Mi = (—3, 1), M2 ~ 
(0,4), M3 = (1,0), M4 = (-2,2) M5 = (-1,3). Their convex hull V{h) is 
the triangle with the apexes T^^^ = Mj, j = 1,2,3 and the edges Ti'^ — 
{Mi,M2} f('^ = {M2,Ms} fi') = {Ms, Ml} (fig. 5). 

The external normals Nj to the edges tf^ are Ni = (-1, 1), N2 = (4, 1), = 
(—1, —4). The normal cones of the apexes and of the edges are presented at 
the fig. 6. The shifted carrier of the equation (11.3) lies in the lattice with 
the basis = (1, 1), Bq = (1, —4). In this case the cone of the problem is 
Pi +P2 > 0. It intersects with the normal cones U2^\ Us'\ ^2^'*- That is why 
later it is sufficient to study the reduced equations which correspond to the 
bounds f2°\ Tg^'*, f2^'* only. The first two of them are characterized by the 
algebraic reduced equations = 0, ~z = 0, accordingly. They do not give 
suitable solutions. The edge f2^'' defines algebraic reduced equation 

y'-z^o, (11.4) 

which has four suitable solutions y''"'\z) = Cy^^z^^"^ where Cy'^^^''^^^ = ±1, Cy'^^^''^^'' 
±i and r = 1/4, a; = 1. These solutions do not have critical numbers. The 
shifted carrier of the equation (11.3) is the vector (1/4,-1) = 1/4^6. Thus 
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Fig. 6. 



we have a lattice with the basis (1/4,-1), (1, 1). Taking into account the fact 
that the cone of the problem is /C = {A; < 1/4}, we find the set K 

K = {fc = 1/4 - 5//4, / e N}. (11.5) 
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The equation (11.3) has solutions in the form of the series 

oo 

y W (z) = ci;;l^V4 + ^ ^i/4-5V4^ ^^1^2, 3, 4, (11.6) 



where the coefficients Cy[_^i^^ are uniquely defined. The coefficient c^^ does 

not depend on n and c^^ = —3/8. Introducing the new variable 77 = In w we 
get 



r A Q 00 4-r 



In this expression Co is a constant of integration. Returning to the variable 
w{z) yields 



4 . ^ 4c' 



(n) 



5 ^ 5(1 



1/4-5V4 ^5(1-0/4 



I) 



(11.8) 



Taking into account two terms of the series the obtained non-power asymp- 
totics of the equation (8.1) can be written as 



4 (n) 5/4 , 1 1 , 1 

5^/^ 32 c^"^. 5/4 256 ('c^"))2^5/2 



+ ... 



-1/4^ 



-1/4; 



Providing that w — > at 2; — > 00, we should take the number n in (11.8) so 
that 

Re{S^]^z''l^) < 0. (11.9) 

Consequently we have found four onc-paramctric non-power asymptotics for 
the solutions of the equation (8.1): G^^a, ^^^^2, ^^^^3, ^. 



12 Exponential additions to the solutions. 



Let us find exponential additions to the obtained solutions. Since the equations 

dff^ jdw^'^^^ = do not have solutions for \l[d = 0,1; j = 1,2,3,4) and the 

condition n(/j"''') < n(/) = 4 holds for the edges r2^^ and T^^^ only (in the 
case a ^ 0) then these very edges define exponential additions which are to 

be computed. At a = the condition n(/j°'^) < n(/) = 4 is true for the edge 
consequently solutions corresponding to this edge possess exponential 
additions which can be calculated as it will be done for the edge of the 
equation (1.3). 
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13 Exponential additions of the first level, corresponding to the 
edge r^^^ at a ^ 0. 



To begin with we will look for the exponential additions of the first level w^"^ (z) 
to the expansions (5.7), i.e. we will look for the functions 

71 = 1,2,3,4. (13.1) 

The reduced equation for the addition u^'^\z) is a linear equation 

Mi'\z)u^-\z)^0, (13.2) 

where M^\z) is the first variation at the solutions w{z) = (p'--''''\z) . As long 



as 

-J-^ — - IQw'^— - 2Qww^— - 20w^^w - IQwl + 30w^ - z, (13.3) 
dw dz* az^ dz 

then 



And equation (13.2) can be rewritten as 

-10(^(n))2— ^-20^("Vf^- 



(13.4) 



dz^ ^"^^^'^^^ dz^ dz (13.5) 

-[10(2(^(^)(^(") + {iff^f - 3((^("))^) + z] = 0, n = 1, 2, 3, 4. 

Let us make the change of the variables 

Computing the derivatives of the function m*^") [z) yields 
dz dz^ 

Substituting these expressions into the equation (13.5) and setting to zero the 
factor at u'^'^^z) we get the equation 

drl + + 3(d"^)' + 6(c("))'d"^ + (c^"))' - 20v9i"V£^+ 

-10(99("))2(Ci") + (C^"))') - 2099("V1"^C^"^ - 10(¥^i"^)' + 30(¥p("))^ -z = 0. 

(13.7) 
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It is essential to find power expansions of its solutions. The carrier of the 
equation (13.7) consists of the points 



Qi,i = (-3,i), gi,2 = (-2,2), gi,3 = (-i,3), 

Qi,4=(0,4), Qi,5 = (l,0), Q2,k=(---k,0 



4 4 



Q 



3,k 



k,0 



Qe,i 



l-^k,0^, A;gNU{0}, 



(13.8) 

where the doubled index in the points numeration is introduced for the no- 
tational convenience. The convex closing of the points (13.8) is the half- 
string presented at the fig. 7. The periphery of the half-string contains two 




r(i) -4 -3 -2 -1 



Fiff. 7. 



apexes Qi,4,Qi,5 and three edges vf^ {j = 1,2,3) with the normal vectors 
A^i = (4, 1), N2 = (0, —1), N3 = (0, 1). Suitable expansions can be obtained 
examining the reduced equation corresponding to the edge 

/,«(^,CW) (CW)4 _ lO(cS"l)^(C("))'^^ + (30(4"!)^ - l)z = 0. (13.9) 



It has sixteen solutions 
where 



z)=9[%'''z'/\ n,/ = l,2,3,4 



(n; /={1,2,3,4}) 
yi/4 



± 5(cS^l)^ ± Ji - 5(cS;;l)4 



1/2 



;i3.io) 
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Taking into account the fact that (c^"^)^ = 1/6, we get 

gfi, '=^'''» = ±6^/^ n = 1, 2 ; g^^, '=^=''^» = ±(8/3) n = 1, 2; 
^(n; .={1.2}) ^ n^^A' gt,, '=^'''» = ±(8/3) V^i, n = 3, 4. 

The reduced equation is an algebraic one that is why it does not have crit- 
ical numbers. Now we will look for the power expansions of the equation 
(13.7) solutions which possess the power asymptotic (13.10). The shifted car- 
rier of the equation (13.7) lies in the lattice generated by the vectors B-j — 
(5/4,0), i?8 = (1,1)- The shifted carrier of the reduced solutions (13.10) 
gives the vector Bo, — (—1/4,1). Taking into consideration the correlation 
Bs — Bg = (5/4, 0) = i?7 wc get that the vector Bg belongs to the lattice with 
the basis Sy, Bg. The points of this lattice are the following 

Q = (gi,g2) = A;(l,l) + m(^,o) = + 

At the hue q2 — —1 we have k — —1 and hence gi = — 1 + 5m/4. Since the 
cone of the problem is JC — |/c< ||, then the set K can be presented in the 
form 

K= |i^,A;eN|. (13.11) 

Power expansions of the equation (13.7) solutions are 



((-')(.) = ^i;4'^.V4 + ^ gM^^^^ ,(i-5.)/4^ ^i^^^ 2, 3, 4. (13.12) 

fee " 



Using the values of the coefficients Cy\, c^J^l and g^'^'' we can compute the 
coefficient g'^i'^ 

9^'^ = -| ^ = 1' 2, 3, 4, Z = 1, 2; ^^^^ = + = {(1, 3), (2, 4), (3, 3), (4, 4)}; 

gin,i) ^ _3 _ 5^^ ^ ^^^^ 3), (3, 4), (4, 3)}. 



In view of the transformation (13.6) the additions u^'^'''\z) can be found. They 

{z) = Ciexp J C^'''^\z)dz. (13.13) 



are 

Where from we get 



u^'''^\z)^Ciz^-^'^ exp 



4 (n, I) 5/4 , V- _^_An, I) 5(l-fe)/4 
5^V4 ^ +Z.5(i_^)^?(l-5fe)/4^ 

n,/ = 1,2,3,4. 

(13.14) 
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Here Ci and later C2 and C3 are the constants of integration. The additions 
are exponentially small at 2; —> 00 in those sectors of the complex 
plane z, where 



Re 



< 0. 



(13.15) 



Consequently for each expansion G^^n we have found four one-parametric 
families of additions G^2^nG^ih {n, 1 — 1,2, 3, 4). 



14 Exponential additions of the second level, corresponding to the 
edge r^^^ at a 7^ 0. 



In this section we will compute the exponential additions of the second level 
i.e. the additions to the solutions (^"''''\z). The reduced equation to 
the addition v^'^'''\z) is 

Mj^^}{z)v^''^^\z) = 0, (14.1) 

where an operator M^\(z) is the first variation of (13.7) at the solutions 
C,^'"'''\z). The equation (14.1) can be rewritten as 

g + 4C^ + 2(3G + 3C^ - 5(^2)^ + 4(C.. + 3CC. + - 5<p'C - ^<P<P.)v = 0. 

(14.2) 

Here and later (/? v C, Making the transformation 

of the variables 

we get 

02; az'^ az-^ 

And the equation (14.2) transferees to 

e.. + 3 e + + 4C(e. + e) + 6(c. + c')e - 10 ^^'e + + i2cc.+ 

+4(3 - 20(^\ - 20(^(^^ = 0. 

(14.4) 

The carrier of this equation is defined by the following set of points 
Mi,i = (-2,1), Mi,2 = (-1,2), Mi,3 = (0,3), M2,fe= (-J-^A;, 1), 



Me,,- (-i-^A;, 0), My,, = Q - ^A;, ) , A;eNU{0}. 



(14.5) 
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Their convex hull is the half-string similar to the one presented at the fig. 
7. Its edges T^^\ T^2^ are the rays starting out of the points (0, 3), (3/4, 0), 
accordingly, and the edge T^^^ connects the points (3/4, 0) (0, 3). Examining 
the edge T^^^ which contains the points (0, 3), (1/4, 2), (1/2, 1) and (3/4, 0) 
we can find suitable solutions. The reduced equation corresponding to this 
edge is 

+4^J;4'^[(yJ;4'^)^-5(cS;;l)1.^/^ = o. 

The solutions of the equation (14.6) can be presented in the form 



:i4.6) 



(14.8) 



^(n,z,™)(^)=,K^,-)^i/4^ n,/ = 1,2,3,4; m = l,2,3, (14.7) 
where r =^ r^"^'"*^ are the roots of the cubic equation 

r^ + 4^!;4V + 2(3(,i-'))^-5(cS;l)^) r+ 

Solving this equation we get 

(n,l,\) _ r, (n,l) Jn,l,2) _ J^^l) , (-tr) ( J^) \2 0\2\ 
^1/4 — ~^yi/4 ' ^1/4 — ~9l/4 '^{^^{^1/4) -{91/4 ) ) 

rf;.'■'> = -9f;f-(lo(4■;i)■^-(J<-'')f'^ 

The vectors (1, 1), (5/4, 0) are the basis of the lattice which corresponds 
to the shifted carrier of the equation (14.4). The shifted carrier (—1/4, 1) of 
the reduced solutions (14.7) belongs to this lattice. Consequently the set K 
coincides with (13.11). Power expansions of the functions ^("'^'"*)(^) are the 
following 

t(n,l,m)( \ _ (n,l,m) 1/4 , ST- Jn,l,m) (l-5fc)/4 
? l^J-^1/4 ^ + 2^ ^(l-5fc)/4 ^ ' 

ken (14.9) 
n,/ = 1,2,3,4; m = l,2,3. 

Calculation of the coefficients '"^ yields r^^{ ^' = 1/4 at n = 1 , 2, 3, 4; I — 
1, 2; m = 1. In other cases r^^''"^'' depend on the parameter a. 

So we have found the exponential additions i)("'''"^)(2;) to the solutions C,^'''''^\z) 



„{n,l,m)( _ ^ ^ {n,l,m) 5/4 , V- ^ (n,l,m) 5(l-fc)/4 

V [Z)-U2Z exp Z + 2^ g^-,^ _ ^-j '^(l-5fc)/4^ 

71 = 1,2,3,4; ^ = 1,2,3,4; m = l,2,3. 

(14.10) 

They are exponentially small provided that 



Re 



{n,l,m) 5/4' 
1/4 ^ 



< 0, oo. (14.11) 
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Thus, taking into account two- level additions G^^'^nGi'^lGi^m^ we have 48 
expansions of the equation (1.3) solutions (n, Z = 1, 2, 3, 4; m — 1, 2, 3). 



15 Exponential additions of the third level, corresponding to the 
edge r^^^ at a 7^ 0. 

In this section we will look for exponential additions of the third level (^z). 
i.e. we will look for additions to the solutions ^("'''"^)(2;). The reduced equation 
to the addition y("''''"^)(2;) is the following 

<l,.„(^)l/^"'^'"^^ = 0. (15.1) 

Operator ^{z) can be found as the first variation of (14.4) at the solutions 
^{n,i,m) (^^^ and then the equation (15.1) for the function y ''"^) can be 

rewritten as 

Vzz + (3e + K)yz + (36 + 3^' + sec + 6C + 6C' - 10(^^)1/ = 0. (15.2) 
Introducing the new variable 77 by the rule 

d\a.y 
dz 

we get that 



77 (15.3) 



dy dfy ^ 

T^^y^ T^^'^^y + 'n y- 

Hence equation (15.2) transfers to the following 

Vz + ri^ + (Se + K)ri + 3^. + 3^' + S^C + 6^ + - 10<^' = 0. (15.4) 
The carrier of this equation is composed of the points 

= (-1, 1), i?i,2 = (0, 2), R2,k = {\- \k 1), i?3,fc = [-\ - \k 0) , 
i?4,fe- (^^i^'-'O)' ^eNu{0}. 

(15.5) 

Closing the convex hull based on these points we obtain the half-string similar 
to the one presented at fig. 7. Its edges Fg"'^-' and r2"'^'' are the rays starting out 
of the points (0, 2) and (1/2, 0), accordingly. The edge F^^"* is limited by the 
points (0, 2) and (1/2, 0). Now we will examine the reduced equation 

^2 ^ (3^(n,^^) ^ 4^M))^i/4^ ^ (3(rS;;^''"^)^ + 8rS;;^'™)^i;^')+ 

6(^1;^'))^ - io(ci;;l)^) ^ o. 
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which corresponds to the edge r^''^^ (this edge contains three points (0, 2), 
(1/4, 1) and (1/2, 0)). The equation (15.6) possesses the following solutions 



V 



{n,l,m,p)i 



^(V,m,p)^i/4. = 1^2,3,4; m = l,2,3; p = l,2 (15.7) 



where q q^^'J'"^'^^ are the solutions of the quadratic equation 



q' + (Sri;^''"^) + 4^i;4'0? + Hr^y'^'r + Sr^y'^' 91%"+ 



{n,l,m)\2 



^{n,l,m) {n,l) 



6(^i-'))^ - io(ci;;i) 

At fixed n, Z, m it has two solutions 



;i5.8) 



in,l,m,p={l,2}) _ {n,l,m) r,(n,l), 

yi/4 — 2 ^yi/4 =■= 



± I (40 (ci;;!)^ - 3 (rl;;''-))^ - -Sri;-''-) g^;)f - 8 (g^^J'^^rf^"^ 

The basis of the lattice defined by the shifted carrier of the equation (15.4) 
is composed of the vectors (1, 1), (5/4, 0). The set K coincides with (13.11). 
Power expansions for 

^(rM,m,p)(^) can be presented as 



(n,l,m,p) 



(n, I, m,p) 1/4 



+ E € 



(n,l,m,p) (l-5fe)/4 



-5fe)/4 



n,l = l, 2, 3, 4; m = 1, 2, 3; p = 1, 2. 



(15.9) 



It can be shown that the coefficients q^^^'-''^'^^ depend on a. The exponential 
additions y("'''"*'P)(2;) to the solutions ^("'''"*)(2;) can be written as 



y 



{n,l,m,p) 



(n, I, m, p) 



(z) = C3 exp 



^^■/^■'■■"'^''"'^^t,5(l-A:) 
n,/ = 1,2,3,4; m = l,2,3; p=l,2. 



They are exponentially small when 

Re 



{n,l,m,p) 5/4 

yi/4 ^ 



(n,l,m,p) 5/4 , ^ Jn,l,m,p) ^5(l-k)/4 

(15.10) 

< 0, ^^00. (15.11) 



Thus for the solution expansions of the studied equation near the point z — 
00 three-level exponential additions have been found. Taking into account 
exponential additions, the solutions w{z) at z ^ 00 can be written as 



w{z) = (p^'^\z) + exp 



J dz (^C^"''^;^) + exp j dz (C('*'''"*)(^) + 



exp (^j d^?7("'''"^'P)(x 
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or as 



w{z) = ip^"'\z) + exp 



u 



in, I) 



[z) + J dz exp [^;("■''"')(^)+ 



+ j dz exp(y("'''"*'^')(^)) 
= 1,2,3,4; m = l,2,3; p=l,2. 



:i5.12) 



Denote these solutions (in view of three-level additions) as G2^n G^^h G^i^m G^i^p 
where n, / = 1, 2, 3, 4; m=l,2,3; p=l,2. 



16 Exponential additions of the first level, corresponding to the 
edge r^^^ at a 7^ 0. 



Let us find the exponential addition of the first level u{z) to the expansion 
(6.5), i.e. we will look for the solutions in the form 

w{z) ='4){z) +u{z). (16.1) 

Everything written in section 13 up to the formula (13.7) is true in the case of 
the edge r3^'' , taking into account the only fact that instead of four expansions 
(^(")(^) we have only one ip{z). Thus we obtain the equation 

C... + + 3(C.)' + 6C'C. + C - 10V'(C. + O- . 2) 

-20iPiP,C - '^Oipzip,, - 10(V'.)' + 30^^^ -z^O. ^ ■ ^ 

Its carrier consists of the points 

gi,i = (-3,l), Qi,2 = (-2,2), Qi,3 = (-1,3), Qi,4 = (0,4), 
gi,5 = (l,0), g2,fc = (-3-5A;,l), Q3,k = {-2-5k,2), (16.3) 
<34,fe = (-4-5A;,0), A;eNU{0}. 

Convex closing of these points yields the half-string presented at fig. 8. Its 

periphery is composed of two apexes Qi^^ and of three edges r^-^"* (j — 

1,2,3) with the normal vectors = (4,1), N2 = (0,-1), N3 = (0,1). The 
sufficient solutions are given by the edge r^^'*. It is characterized by the fol- 
lowing reduced equation 

M'^(^,C)'= C'-^ = 0. (16.4) 
Equation (16.4) has four solutions 

C«(.) / = 1,2,3,4; g[%^'''''''^^ = (16.5) 
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_4 _3 -2 -1 



Fig. 8. 



The shifted carrier of the equation (16.2) hes in the lattice with the basis 
(—1,4), (—2,3). Together with the shifted carrier of the reduced solutions 
(16.5) they generate the new lattice with the basis (—1/4,1), (—2,3). The 
cone of the problem is/C = |A;<||, then we get 



K 



l-5k 
4 



(16.6) 



Power expansions for the reduced solutions (16.5) can be written as 



,(0 



fee N 



(16.7) 



In this expression g^l\ = —3/8. Using the formula (13.13) we get exponential 
additions 



.3/8 



exp 



4 (/) 5/4 ^ 4 



5^1/4- 



+ A.5(l_A;)^(l-5/c)/4^ 



, / = 1,2,3,4. 

Denote them as 6*3^^ G^^^l. Here and later Ci, C2, C3 are the arbitrary con- 
stants. Taking into consideration first two members of the series in (16.8) we 
can rewrite this expression in the form 



^3/8 



exp 



4 (0 5/4 _ 64a2-9 _ 5(64^2 _ 9) 
S^^/''^ ~ 32^?« ^5/4 " 256((7« )2^5/2 + ••• 



, / = 1,2,3,4. 



The applicabihty condition (13.15) holds for the additions (16.8) provided that 
Qijf replace gfi^. 
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17 Exponential additions of the second level, corresponding to the 
edge r^^^ at a ^ 0. 



Now we will look for exponential additions of the second level v^''\z), i.e. we 
will look for the additions to the solutions (^^\z). All transformations of the 
section 14, which converted the equation (14.1) to the equation (14.4) do not 

change under the condition v =^ v^''^ ( =^ As a result we get the equation 



6. + 3 e + + 4C(e. + e) + 6(G + C')e - 10 ip'C + Kzz + 12CC.+ 

+4C^ - 20^^^ - 20^^;, = 0. 

(17.1) 

The carrier of this equation differs from the carrier of the equation (14.4): 

Mi,i = (-2,1), Mi,2 = (-1,2), Mi,3=(0,3), M2,,, = {-\-\h,iy 
M^,k, = - ^^1' 2) , M4,ik, = - ^^1, 1) , M^M = (-2 - 5/ci, 1) , 

Mg.iki = (-3-5A;i, 0), Mio.fei.fe^ = (-^ - 5A;i - ^/ca, o) , fci e N U {0}, i = 1, 2. 

(17.2) 

The convex hull obtained after locking of these points is similar to the one 
described in the section 14. The reduced equation corresponding to the edge 
V^i"^ is the following 

e + ^gfi.z'i'e + Kgf'/.fz'"^ + 4(yf;j^.^/^ = o. (17.3) 

The equation (17.3) has 12 solutions 

C^^'-^){z)^rfjfz'/\ Z = l,2,3,4; m = l,2,3, (17.4) 

where calculation of the coefficients rf^^^ yields 

rfll^ = -2gfj,; r^l',f = (-1 + i) ^« ; rf;f ^ = -(1 + i) g^^ 1^1,2, 3, 4. 

The lattice which contains the shifted carriers of the equation (17.1) and the 
reduced solutions (17.4) coincides with the lattice of the section 13. That is 
why power expansions for the reduced solutions (17.4) are 

^il,m) ^ ^a,rn)^l/4 ^ ^ ^(J,rn)^^^^ ^(l-5.)/4^ Z = 1, 2, 3, 4; m = 1, 2, 3. 

fee N 

(17.5) 
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Here r^^"^^ = 1/4. Returning to the variables v^''''^\z) we get the exponential 
additions Gg^^ G^ihG^i^m and their applicabihty condition 



v^^'"'\z) ^ C2 z'/"^ exp 



1 {l,m) 5/4 , V- . . , 



(«,m) 5/4 
'1/4 ^ 



Z 



00: 



k^2 5(1 - k) 
/ = 1,2,3,4; m 



(^H .,5(l-fe)/4 

1,2,3. 



(17.6) 



18 Exponential additions of the third level, corresponding to the 
edge r^^^ at a 7^ 0. 

Exponential additions of the third level (additions to the solutions 

can be found as they have been found for the edge r2^'' in the sec- 
tion 15. Let us in brief follow the procedure of calculations. After essential 
transformations we get the equation 

Vz + V'' + (3e + 4C)r? + SCz + + 8^C + 6G + 6C' - 10^'' = 0. (18.1) 
Its carrier consists of the following points 

= (-1, 1), Ri,2 = (0, 2), R2,k = - 0), Rs,k = - Ik, o) , 
i?4,fe = (-2-5A;, 0), i?5,ik= (^-^A:, 1), A;eNU{0}. 

(18.2) 

Closing of their convex hull yields the half-string similar to the one of the 
section 15. The edge is characterized by the reduced equation 

+ (3rf;r^ + 4g^^ly/^^ + (3(r;'/ry + 8r^^lfg[% + 6{g[%r) z^'^ = 

(18.3) 

which possesses 24 solutions 

^am,p)^^^) ^^a,m,p)^i/4. 1^2, 3, 4; m = l,2,3; p = l,2. (18.4) 

The coefficients qf/^'^^ are equal to 

/ = 1,2,3,4; m = l,2,3. 
The set K in this case is (13.11). Consequently power expansions for the 
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solutions (18.4) can be written as 



fee N 



{l,m,p) (l-5fc)/4 



-5fe)/4 



(18.5) 



Z = l,2,3,4; m = l,2,3; p=l,2. 
The coefficients qi_'^'^^ do not depend on a and g^'-^"^'^^ = 1/4. 
So the exponential additions G^^^ Gi^lG^^^mGi^p are the following 



y 



exp 



^ +2. 5^ _^^^(l-5fe)/4^ 



5(l-fe)/4 



k=2 "V-^ ^) 

i = l,2,3,4; m = l,2,3; p=l,2. 



;i8.6) 



The apphcability condition for the additions (18.6) coincides with (15.11) 
provided that gl"^''™'^"* replace g|y Taking into account obtained additions 
the solution w{z) can be written as it has been done in formula (15.12). 



19 Conclusion. 



In this work the fourth-order analogue to the second Painleve equation was 
studied with a help of the power geometry method [42-44]. We found all 
power and non-power asymptotics of its solutions, power expansions generated 
by these power asymptotics and exponential additions which correspond to 
certain expansions. The results depend on the value of parameter a. 

First of all let us briefly review the case a 7^ 0. Near the point z = we ob- 
tained one-parametric family G'i°''4, three two-parametric families G^^^S, G'i^''3, 
Gi^'*4, three three-parametric families Gi°^2, Gi^^l, G'i^2, one four-parametric 
family Gfh and the family Cl^h (the families G'f^2, Gfh, CfU, G^^h are 
the special cases of Gf^l). These expansions converge for small \z\. Their 
existence and analyticity follow from the Cauchy theorem. 

Besides near the point z = 00 we found the families: G2^''n (n = 1,2,3,4) 
and G^^^l. For each of these expansions three-level exponential additions we 
computed: G^^^nGS^^/GS^^mCS^V (n, / = 1, 2, 3, 4; m = l,2,3; p = l,2)and 
G^^^GS^^ZGS^^mGS^V (/ = 1,2,3,4; m = l,2,3; p=l,2). 

In addition it is important to mention that some partial solutions of the studied 
equation can be found using the expansion G3 1. It is obvious that at the 
certain values of the parameter a (more exactly a — —2, —1, 1, 2) the series 
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in the formula (6.5) truncates and we get rational solutions 

w{z) = —, a = -2,-l, 1, 2. (19.1) 
z 

Application of these solutions as "seed solutions" in the Backlund transforma- 
tions for the studied equation yields other rational solutions at whole values 
of the parameter a. Partial solutions (19.1) can be also obtained from the 
expansions Ci^h, C'ih, G^h and G^^h. 

In the case a — near the point 2; = we found one-parametric family Gi'^A, 
three two-parametric families Cf^S, Gi^^3, Gi'^4:, three three-parametrical 
families Cfh, G^l, G'S^^2 and one four-parametric family Gf'^l of power 
expansions (the families Gf^2, Gf^S, G^^U are the special cases of Gi'^1). All 
of them converge for small \z\. 

Near the point 2; = 00 we computed four families of non-power asymp- 
totics G^^n, (n — 1, 2, 3, 4) and four families of power expansions G^^n (n — 
1,2,3,4). 

The expansions Gi^^n (n = 1, 2, 3, 4) were found earlier [8, 17], while all other 
expansions are the new ones. 

To sum up we would like to emphasize that the obtained power expansions 
differ from the power expansions of the Painleve equations Pi Pq solutions 
[45-49],. This fact can be interpreted as the additional proof of the hypothesis 
that the fourth-order equation (1.3) determines new transcendental functions 
as the equations Pi -i- Pq do. 
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